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Abstract— Inspired by human’s handwriting motion with
the elbow or wrist contacting to a table, we thought that
manipulator can save energy by bracing manipulator’s link with
table, and can raise the hand’s trajectory tracking accuracy
also. First we propose a dynamical model of robot whose plural
links contact with table. In the model, the constrained forces
are included and expressed as a function of the state and
generalized forces by using the equation of constraints, what
is important is that this is an algebraic function. By taking
advantage of the redundancy of input generalized forces to the
constrained force, a new control method which can control the
hand’s trajectory and position/force of bracing point simulta-
neously was proposed. We named the redundancy appearing
during bracing motion as “Bracing Redundancy”, which is
different from well-known kinematical redundancy. Simulations
results have certified that this method can improve accuracy
and save energy comparing well known control strategy that
utilizes Jacobean transpose.
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I. INTRODUCTION

Handwriting motion is one of the examples of human’s
skillful behavior that is thought to aim at exploiting the
contact constraint of the elbow with the table for reducing
inputting energy by countering the gravity effects with reac-
tion forces. By supporting the elbow or wrist by the desk, we
have known from our experiences that we can save energy for
writing task and can write characters correctly. This suggests
that robots may execute tasks with less energy and improved
accuracy by exploiting constrained contact with environment.

In this paper we present a dynamical model of manipulator
whose plural links contact with environment, e.g. tables
and floors. This bracing behavior can usually be found in
human’s common motions, such as handwriting, as shown
Fig.1(a).

On the other hand, there have been several researches
discussing effectiveness and accuracy of the redundant ma-
nipulator contacting with environments. West and Asada
[10] presented a general kinematics contact model for the
design of hybrid position/force controllers for constrained
manipulator. And then a multi-contact kinematic model to
control manipulator’s contact motion was also presented by
Oussama Khatib in [11], [12], in which they assumed the
contact environment as a spring model.Contrarily in this
paper we will discuss purely rigid contact model without
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(a) Human’s writing motion

 

(b) Contacting strategy

Fig. 1. The sketch picture of Manipulator with bracing elbows

contacting deformation of environment.
The constrained force is derived from the equation of dy-

namics and the constrained equation as an explicit algebraic
function of states and input generalized forces[16], which
means force information can be obtained by calculation
rather than by force sensing . Equation (1), which has been
pointed out by Peng [17] in the analysis of biped walking
robot, denotes also the kinematical algebraic relation of the
controller, when robot’s end-effecter being in touch with a
surface in 3-D space:

fn = a(q, q̇) − bT (q)τ , (1)

where, fn is exerting force on the constrained surface. q are
angle of joint. a(q, q̇) and bT (q) are scalar function and row
vector defined in following section, and τ is input torque.
This algebraic equation has been known, but it was the first
time in robotics to be applied to the sensing function of
exerting force by Peng [17].

A strategy to control force and position proposed in this
paper is also based on (1). Contrarily to Peng’s Method to use
(1) as a force sensor, we used the equation for calculating τ
to achieve a desired exerting force fnd. Actually, the strategy
is based on two facts of (1) that have been ignored for
a long time. The first fact is that the force transmission
process is an immediately process being stated clearly by
(1) is an algebraic function providing that the manipulator’s
structure is rigid. Contrarily, the occurrence of velocity and
position is time-consuming process. By using this algebraic
relation, it’s possible to control the exerting force to the
desired one without time lag. Another important fact is the
input generalized forces have some redundancy against the
constrained generalized forces in the constrained motion.
Concerning (1), fnd is a scalar and τ is a vector, thus τ to
achieve fnd has a redundancy. We named this as “Bracing



Redundancy”. By taking advantage of the redundancy of
input generalized forces to the constrained force and the fact
that the force transmission from τ to fnd is an immediate
completion as shown in 1), a new control method that can
control the position/force of bracing joint was proposed.

II. MODELLING OF HYPER-REDUNDANT
MANIPULATOR WITH CONSTRAINTS

A. Manipulator’s Model with Hand’s Constraint

To make the explanation of constraint motion with multi-
elbows be easily understandable, we discuss firstly about the
model of the manipulator whose end-effector is contacting
with rigid environment without elasticity. Equation of motion
of manipulator is composed of rigid structure of s links,
and also contact relation between manipulator’s end-effector
and definition of constraint surface should be introduced
firstly. L represents Lagrangian, q ∈ Rs represents the
general coordinate, τ ∈ Rs represents the general input.
u is the unknown constant of Lagrange, ft is the friction.
Manipulator hand’s Lagrange equation can be expressed as
follows

d

dt
(
∂L

∂q̇
) − (

∂L

∂q
) = τ + (

∂C

∂qT
)T u − (

∂r

∂qT
)T ṙ

‖ṙ‖
ft (2)

Here according to the kinematic relation, manipulator hand’s
position/posture vector r ∈ Rs and scalar function, a
single constraint condition C that is used to express the
hypersurface can be expressed as

r = r(q) (3)
C(r(q)) = 0 (4)

Here (3) and (4) represent constraint is undeformed.
To move freely in the directions without constraint the

freedom of manipulator’s end-effctor is left to be more than
one, so here s > 1. If we set fn to indicate the constraint
force of manipulator hand, then the relation of u and fn can
be expressed as

u = fn/‖ ∂C

∂rT
‖ (5)

‖∂C/∂rT ‖ shows Euclidean norm of vector ∂C/∂rT . Then
manipulator’s equation of motion can be derived by combin-
ing (2) with (5) with viscous friction of joints.

M(q)q̈ + h(q, q̇) + g(q) + Dq̇

= τ + {( ∂C

∂qT
)T /‖ ∂C

∂rT
‖}fn − (

∂r

∂qT
)T ṙ

‖ṙ‖
ft (6)

M is inertia matrix of s × s, h and g are s × 1 vectors
which indicate the effects from coriolis force, centrifugal
force and gravity, D is a s × s matrix which indicates the
coefficient of joints’ viscous friction, expressed as D =
diag[D1, D2, · · · , Ds]. q is the joint angle and τ is the input
torque.

B. Bracing Dynamics

The manipulator’s eqution of motion has been derived,
shown as (6). Because the coefficient value of the constraint

force and (∂C/∂q)M−1(∂C/∂q)T is always positive defi-
nite, it is alway invertible. fn shown in (6) can be calculated.
First, let

(
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)T 4

= mc (7)

then we can obtion,
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It can be rewritten as

fn = a(q, q̇) + bT (q)(
∂r

∂q
)T ṙ

‖ ṙ ‖
ft − bT (q)τ (9)

where,
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= bT (q) (11)

a(q, q̇) is scalar. It is the sum of the term which does
not include τ , bT (q) ∈ R1×l is a vector that projects τ
to constraint force fn. Reviewing the dynamic equation (2)
and constraint condition (4), it can be found that l > 1, the
number of input generalized forces is more than that of the
constrained forces. From this point and (9) we can claim that
there is some redundancy of constrained force between the
input torques τ , and the constrained force fn. This condition
is much similar to the kinematical redundancy.

III. CONTROLLER

In this section, we will introduce the control method,
called bracing redundancy position/force control method,
which we used in the simulation. Based on the argument
in section 2, the parameters of the (9) are known and its
state variables could be measured. Fig.2 shows the four
links manipulators model. As Fig.2 shown, the second link
is contacting with an environment, which means that the
constraint condition C = 0 be known, a(q, q̇) and bT (q)
in (9) could be calculated correctly. Then we propose the
following equation.

τ = (bT )
+
(q)

{
a(q, q̇) − fnd

}

+ M1M
+
1 ∆τ 1 + M1M2∆τ 2, (12)

Where, M1 and M2 were defined as

M1 = I − (bT )+(q)b(q) (13)
M2 = I − M+

1 (q)M1(q), (14)



I is an identity matrix of s×s, fnd is the desired constrained
forces, (bT )+(q) is the pseudoinverse matrix of bT (q),

(bT )+(q) = (bT )T (q){bT (q)(bT )T (q)}−1 (15)

∆τ 1 and ∆τ 2 which can be used for other tasks besides
realizing the second link contacting force fnd, as (16)and
(17) shown, here are used to control the position of bracing
joint and end-effector.

∆τ 1 = JT [Kp4(r4d − r4) + Kd4(ṙ4d − ṙ4)], (16)

∆τ 2 = JT [Kp2(r2d − r2) + Kd2(ṙ2d − ṙ2)], (17)

where Kpi and Kdi are coefficient matrices applied to
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Fig. 2. Four links manipulators model

the position control by the redundant degree of freedom
of bT (q). r4d(q) is the desired position vector of the end-
effector and r4(q) is the real position vector. So we can
see ∆τ 1 is used to control the position of the manipulator’s
end-effector. r2d(q) is the desired position vector of the
bracing link along the constrained surface and r2(q) is the
real position vector of the second link. And ∆τ 2 is used to
control the position of the manipulator’s bracing joint.

We have gotten the function about fn as (8). To confirm
that hand position control through ∆τ 1 and bracing joint
position control trough ∆τ 2 shoulder disappear in a null
space of bT (q), we combine (8) and (14) then we can get
the following equation,

fn = a(q, q̇) − bT (q)(bT )+(q)
{
a(q, q̇) − fnd

}

+ bT (q)M1M
+
1 ∆τ 1 + bT (q)M1M2∆τ 2. (18)

since

bT (I − (bT )+bT )M+
1 = 0 (19)

bT (I − (bT )+bT )M2 = 0, (20)

the (18) can be written as

fn = a(q, q̇) + fnd − a(q, q̇)
= fnd. (21)

From (21) we can see the real constraint force fn is
equal to desired force fnd all the time by Position/Force
control method.

IV. SIMULATION

In this section we will introduce the simulation to check
the model discussed in this paper is right or not. Simulation’s
condition has been set as: each link’s mass is mi = 1.0[kg],
length is li = 0.5[m], radius of cylindrical link is ri =
0.01[m], proportional gain is kpi = 300, velocity gain is
kdi = 50, viscous friction coefficient of joint is Di = 0.5,
torque constant is Ki = 0.203, resistance is Ri = 1.1[Ω],
inductance is Li = 0.0017[H], inertia moment of motor is
Imi = 0.000164[A], reduction ratio is ki = 3.0, viscous
friction coefficient of reducer is dmi = 0.01 and these
parameters are given by actual motor’s specifications. And
the trajectory has been set as a circle with radius is 0.1[m],
center is (x, y, z) = (0.0, 1.0, 0.6), target which is tracked
by the manipulator hand will rotate in counterclockwise
along this circle trajectory. The simulation controlled with
Position/Force control method is shown as Fig.3

Fig. 3. The simulation controlled with Position/Force control method

A. Experiment One

We proposed a realistic idea that contacting and bracing
motion of intermediate links with environment may im-
prove the manipulator working precision and save energy.
In this section, we want to confirm this assumption. So we
conducted this experiment in two different conditions. One
condition is the manipulator with bracing joint, the other is
without.

From Fig.4(a), We can see the manipulator with bracing
joint can track the target more accurate than the one without
bracing. Fig.4(b) shows the energy consumption in two con-
ditions. We can see, doing the same work, the manipulator
with bracing joint consumes less energy than the one without
joint. These indicate the manipulator with bracing joint can
improve accuracy and save energy.
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Fig. 4. The comparing of energy consumption and trajectory in two
conditions

B. Experiment Two

In order to find the relationship between the energy
consumption and reaction force, we conducted this exper-
iment. Fig.5 is shown the energy consumption with different
reaction force. From Fig.5(a), we can see the energy con-
sumption is different as to the reaction force is different,
which means the reaction force is one of the factors that
affect the energy consumption. And Fig.5(b) is the function
image about energy consumption and the reaction force at
fifth minute. We thought when the reaction force of bracing
joint is exactly equal to the gravity of manipulator acting
on this joint, the energy consumption is least. The reason
is when the reaction force of bracing joint is equal to
the gravity of manipulator acting on this joint exactly; the
contact constraint of the joint will reduce inputting energy
and counter the gravity effects completely. So the energy
consumption is least. Here we can get the conclusion that by
Position/Force control method, we can control the reaction
force value to save the energy consumption.
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V. CONCLUSION

We first derive a dynamical model of manipulator
whose plural intermediate links are contacting with envi-
ronment. Then we proposed a new control method called
Position/Force control method. And we did two experiments.
The outcome of first experiment indicates the manipulator
with bracing joint can improve accuracy and save energy
comparing to the one without bracing joint. By the second
experiment, we find this new control method can save the
energy by controlling the reaction force as the reaction force

is one of the factors that affect the energy consumption. What
is more, this method can control the position of bracing
joint. Even though we haven’t thought out the applaction
need to control the position, but we still think this method
would be very useful. In the future, we will use this control
method in hyper-redundancy manipulator, and we think it
can control the hyper-redundancy manipulator better. At last,
we will figure out how the reaction forces affect the energy
consumption by mathematical derivation and also we want
to find out the applaction need to control the force of brcing
joint.
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